Abstract. We present new sufficient conditions for functions to be measurable, or Darboux, or to be of the first Baire class. Two main results are obtained in a general topological context.
Introduction
In this article we give some new sufficient conditions for functions to be measurable. We also show that similarly formulated conditions are sufficient for functions to be of the first Baire class (B 1 ) or to belong to the classes B Definition 3.1. Let (X, τ 1 ), (Y, τ 2 ) be topological spaces, A ⊂ X, (Z, d) and (V, ̺) be metric spaces. Let f : X → Y , g : X → Z be functions. If there exists a continuous function h : Y → V such that (dom) ∃ L > 0 : ∀x 1 , x 2 ∈ A d(g(x 1 ), g(x 2 )) ≤ L̺(h(f (x 1 )), h(f (x 2 ))), we say that g is f -dominated on A. If x ∈ X and g is f -dominated on an open neighborhood of x, we say that g is f -dominated at x. If A = X, we say simply that g is f -dominated. Now we introduce two notions of similarity of functions (defined in [7] ). Here we are using the terminology used in [8] .
Definition 3.2. (i) Let X, Y, Z be topological spaces, let f : X → Y, g : X → Z be functions. Let x ∈ X. We say that g is f -continuous at x if for every net {x γ } γ∈Γ of elements from X converging to x the following holds: (*) If the net {f (x γ )} γ∈Γ converges in Y , then the net {g(x γ )} γ∈Γ converges in Z. Let A be a subset of X. We say that g is f -continuous on A if for every x ∈ A g is f -continuous at x. If A = X, we say that g is f -continuous.
(ii) Let X be a set, Y, Z be topological spaces. Let f : X → Y, g : X → Z be functions. Let P be a nonempty subset of X. We say that g is f -constant on P if for every net {x γ } γ∈Γ of elements from P the following holds (**) If the net {f (x γ )} γ∈Γ converges in Y , then the net {g(x γ )} γ∈Γ converges in Z. If P = X, we say simply that g is f -constant. (The f -continuity of g per se does not guarantee that g will automatically have all nice properties of f . It must be always examined, whether a property of f is inherited by g or not.) Remark 3.3. It is known that a function from a topological space X into a Hausdorff space Y is continous at x ∈ X if an only if for each net {x γ } γ∈Γ converging to x the net {f (x γ )} γ∈Γ converges in Y [5] . So we can see immediately that if Y, Z are Hausdorff and f is continuous on a subset A of X and g is f -continuous at every x ∈ A, then g is continuous on A too. And if g is not continuous at a point x ∈ X and it is f -continuous at x, then f is not continuous at x.
If the function g has values in a complete metric space (Y, d) and f has values in a metric space (Z, ρ) the following is obvious:
(i) if there exists a positive constant K such that for all points t, s from an open neighborhood of x (for all points t and s from X)
The following example should help the reader to get a first insight into the new notions. for all x ∈ X g(x) = x and f (x) = x. Although g and f are very similar (only Y and Z differ a little bit), we can see that g is f -constant but f is not g-constant-the net {g( {f ( 1 n )} n∈N does not converge. It is easy to check that f is g-continuous and g is f -continuous. b) When X, Y, Z are arbitrary topological spaces and p : X → Y and q : X → Z are functions, if p is continuous at a point x ∈ X then p is q-continuous at the point x. And if p is constant on X, then p is q-constant.
The following lemma shows two ways, in which the notions of f -constancy and f -continuity are connected. The validity of the lemma follows from the definitions presented above.
for any topology ϕ on X. (For the sake of simplicity we continue to use the letters f and g although-from a topological point of view-we are dealing with different functions.)
f -continuous with respect to f : (X, T riv) → (Y, S)-where T riv = {X, ∅} is the trivial topology on X.
Now we are ready for the main result of this section. It states that if a function f is measurable and g is f -constant, then g is measurable too. As an obvious consequence we obtain that f -dominated functions-defined on the same measurable space as fare measurable.
Then the following holds:
(*) If f is measurable then g is measurable too.
Proof. Define a new topology η in the following way:
is continuous on (X, η). Now we will prove that g is continuous on (X, η). According to Remark 3.3 it suffices to prove, that g is h-continuous on (X, η). To prove this, suppose, that {x γ } γ∈Γ is a net in X, converging in the topology η to a point x 0 ∈ X and such that the net {h(x γ )} γ∈Γ converges in (Y, T ). We need to prove that the net {g(x γ )} γ∈Γ converges in (Z, τ ). But this is trivial. Indeed: Since {h(x γ )} γ∈Γ converges in (Y, T ), {f (x γ )} γ∈Γ converges in (Y, T ) too. Now we use the fact, that g is f -constant. This fact implies the net {g(x γ )} γ∈Γ converges in (Z, τ ). The function g : (X, η) → Z is proven to be continuous. Now, to prove the measurability of g it suffices to show, that for every open set U from Z the set g −1 (U) is from Σ. But if we take an arbitrary U ∈ τ , the set g −1 (U) is an element of the topology η. From the construction of η we can see, that η ⊆ Σ. So the set g −1 (U) is proven to belong to Σ. This ends the proof.
The class B 1 , the Darboux property
While measurability is preserved under a strong condition, the property being of the first Baire class is conserved (in the metric context) under a milder conditionwhen g is f -continuous. In our proof, we use this fact: if X and Y are complete separable metric spaces, a function f : X → Y is B 1 if and only if the restriction f P of f to any nonempty closed subset P of X has a point of continuity. [9] Theorem 4.1. Let X, Y, Z be complete separable metric spaces, let f : X → Y , g : X → Z be functions. If f is of the first Baire class and g is f -continuous on X, then g is of the first Baire class too.
Proof. The proof is straightforward. Be P a nonempty closed subset of X. Since f is of the first Baire class, the restriction f P of f to P has a point of continuity c P . This means that for every net {x γ } γ∈Γ of elements from P converging to c P the net {f (x γ )} γ∈Γ = {f P (x γ )} γ∈Γ converges to f (c P ). Since g is f -continuous, the net {g P (x γ )} γ∈Γ = {g(x γ )} γ∈Γ converges too, concretely to the point g(c P ) (we are applying Remark 3.3 to f P and g P ). Therefore g P is continuous at c P . So the sufficient condition for g being of the first Baire class is satisfied.
Similar results can be obtained for functions from the classes B * 1 , B * * 1 [11, 13] . We say that a function f : R → R belongs to the class B * 1 if for every closed set C there is an open interval I = (a, b) with I ∩C = ∅ such that the restriction f C is continuous on I [11] . We say that a function f : X → Y (where X and Y are topological spaces) belongs to the class B * *
is a continuous function-where D(f ) denotes the set of all discontinuity points of f [13] .
Using the same argument as in the proof of the preceding theorem, we can realize, that the following is true: The family of Darboux functions contains many important classes of mappings, for example derivatives and approximately continuous functions. In what follows we will give a sufficient condition for a function to be Darboux and the condition will be formulated in a purely topological way. In the following theorem we need the dominance on the whole X to assure the inheritance of the Darboux property.
Let us note, that a subset C of a topological space X is connected if and only if for every pair of disjoint sets X 1 , X 2 ⊂ X such that C = X 1 ∪ X 2 one of the sets
Theorem 4.3. Let X = ∅ be a set, be (Y, S), (Z, τ ) Hausdorff topological spaces. Let f : X → Y , g : X → Z be functions. Let P ⊂ X be nonempty and such that the set f (P ) is connected. Let g be f -constant on P . Then the set g(P ) is connected too.
Proof. To prove that the set g(P ) is connected in Z it suffices to prove, that for any two nonempty sets A and B such that g(P ) = A ∪ B the following is true:
Let us denote G
and U = f (P ). The set U is connected, therefore one of the sets U A ∩ U B or U A ∩ U B is nonempty. Without loss of generality we can suppose that U A ∩ U B = ∅. From this we have that there exists a net {y λ } λ∈Λ of points from U A converging to a point b ∈ U B .
Let us define a new directed set Λ ' by
and Λ ' be equipped with a preorder defined by
It is easy to check that Λ ' is a directed set. Next by the symbol {y λ , b} we denote the following net: {y λ , b} = {y λ ' } λ ' ∈Λ ' where for all λ ∈ Λ we have y [λ,1] 
We can see immediately that the net {y λ } λ∈Λ is a subnet of {y λ , b} and that the constant net {y [λ,2] } λ∈Λ is a subnet of {y λ , b} = {y λ ' } λ ' ∈Λ ' too.
Let us observe that the "alternate" net {y λ , b} λ∈Λ converges to b too. Because of the definition of U A and U B there exists a point s ∈ G B such that f (s) = b and there exists a net {x λ } λ∈Λ of points from G A such that for every λ ∈ Λ f (x λ ) = y λ . Of course, the alternate net {f (x λ ), f (s)} λ∈Λ (which is equal to the net {y λ , b} λ∈Λ ) is convergent, it converges to the point b. Since g is f -constant on P , the net ν = {g(x λ ), g(s)} λ∈Λ (defined by the the same procedure as the net {y λ , b} λ∈Λ was) converges too. It converges to the point g(s) ∈ B. The net {g(x λ )} λ∈Λ is a subnet of ν so it converges to g(s) too. This means that A ∩ B = ∅. This ends the proof. ) and f (0) = 0, g(0) = 2. It is well known and easy to verify that the function f is Darboux on X. But for every t ∈ (0, 1 the set g( 0, t ) is not connected, because it contains the isolated point 2. Let us remark that g is f -continuous on (0, 1 but is is not f -continuous at the point 0.
b) Define three topological spaces: (X, T ), (Z, T ), (Y, S) in this way: X = Y = Z = {a, b}, T = {{a, b}, {a}, {b}, ∅}, S = {{a, b}, ∅}. Define g : X → Z and f : X → Y by ∀x ∈ X g(x) = x and ∀x ∈ X f (x) = x. Then the set f (X) = Y is connected in Y , but the set g(X) = Z is disconnected, because Z is disconnected too. In this case g is f -continuous on X, but it is not f -constant. Let us observe that the set X is not connected.
Open question. In general, if g is f -continuous and f is Darboux, f and g having values in Hausdorff spaces, is g Darboux too?
Evans and Humke defined in [4] the following notion: A function f : R n → R is Darboux* provided f maps every closed convex set with a nonempty interior to an interval. Our theorem 4.3 says, that if f : R n → R is Darboux* and g is f -constant, then g is Darboux* too.
